Optical microdisk cavities with certain asymmetric shapes are known to possess unidirectional far-field emission properties. Here, we investigate arrays of these dielectric microresonators with respect to their emission properties resulting from the collective behaviour of the coupled constituents. This approach is inspired by electronic mesoscopic physics where the additional interference effects are known to enhance the properties of the individual system. As an example we study the linear arrangement of identical Limaçon-shaped cavities and find mostly an increase of the portion of directional emitted light while its angular spread is largely diminished from 20 degree for the single cavity to about 3 degree already for a row of 10 Limaçon resonators. Moreover, by varying the inter-cavity distance we observe windows of inversion of the emission directionality that can be interesting for applications. Our findings are robust against geometric imperfections.
Optical microdisk cavities with certain asymmetric shapes are known to possess unidirectional far-field emission properties. Here, we investigate arrays of these dielectric microresonators with respect to their emission properties resulting from the collective behaviour of the coupled constituents. This approach is inspired by electronic mesoscopic physics where the additional interference effects are known to enhance the properties of the individual system. As an example we study the linear arrangement of identical Limaçon-shaped cavities and find mostly an increase of the portion of directional emitted light while its angular spread is largely diminished from 20 degree for the single cavity to about 3 degree already for a row of 10 Limaçon resonators. Moreover, by varying the inter-cavity distance we observe windows of inversion of the emission directionality that can be interesting for applications. Our findings are robust against geometric imperfections.
PACS numbers: 42.55.Sa, 42.60.Da, Introduction. Optical microdisk cavities have become an target of intensive studies because their versatile properties to tame light and their unique application potential [1] as high-Q resonators [2] , microlasers [3] , [4] or sensors [5] , [6] . Moreover, they play an important role as widely accessible experimental realizations of theoretical model systems [7] used in quantum chaos [8] [9] [10] [11] and mesoscopic physics [12] .
In view of the mutual inspiration of nonlinear dynamics, quantum chaos, and the field of optical microcavities (a paradigm example being the intimate relation between the unstable manifold of the cavity and its far-field emission characteristics [13, 14] ), it is suggestive to take further inspiration from mesoscopic physics and its tool box. Besides the wide field of the manipulation of geometric phases [15, 16] in dielectric systems [17] [18] [19] , composition of the individual system into array or ensemble structures is known to enhance specific properties in electronic mesoscopic systems. For example, the side structure of the Aharonov-Bohm peak in magnetoconductance oscillations was resolved in arrays of electronic micro-rings due to self-averaging in the composite system [20] .
In the present work, we want to adopt the concept of arrays to optical microcavities. Our naive expectation and motivation is the possibility of an enhancement of directional emission properties inherent to single deformed optical microdisk cavities, e.g. of the Limaçon shape [14] . To this end, we will investigate a linear array (chain) of Limaçon resonators with constant interresonator distance d. The shape of each Limaçon resonator is given in two dimensional polar coordinates (r, φ) by r(φ) = R(1 + δ cos(φ)), where R and δ represent the mean Radius and the deformation parameter, respectively. The resonator itself is assumed to be purely di- * jakob.kreismann@tu-ilmenau.de electric with a high refractive index of n = 3.0 embedded in vacuum, n 0 = 1. The deformation parameter is set to δ = 0.43, a value known [14] to provide highly directional far fields.
We use MEEP [21] , a free finite-difference time-domain (FDTD) software package for electromagnetic wave simulations, in order to calculate the normalized resonance frequencies Ω = kR = Re(ω)R/c of the Limaçon resonator, with ω being a complex frequency and c the speed of light, the quality factors Q = −0.5Re(ω)/Im(ω), the distributions of the electric field component E z (x, y) (modes) and the far-field intensity I(θ) with far-field angle θ. In the present work we study wavelength-scale cavities. For this reason, kR ranges from kR = 5 up to kR = 9, with k = 2π/λ being the wave number and λ the wavelength in vacuum. We use E z -point-dipole sources (electric field E perpendicular to the cavity) placed offcenter to excite the same mode in each cavity and focus on TM-polarized modes. Our objective is to take advantage of the directional emission of each single Limaçon resonator in order to enhance the collective emission directionality of the entire array. By aligning the resonators in a row with sufficient inter-resonators distance, we expect the far-field emission to be a superposition of the individual resonator fields.
We indeed observe such an enhancement in the far-field emission due to the collective operation of all microcavities in the array and describe it below in detail. However, under certain conditions we observe the opposite behaviour, i.e., a reversal of the main emission direction as a result of their joint action. We investigate this behaviour in the second part of the paper and conclude with a summary.
Light emission from a cavity row. Figure 1 a) shows the far-field intensity I against the far-field angle θ within the range of ±30 degree for 1, 2, 3, 6 and 10 resonators aligned in a row with constant inter-resonator arXiv:1903.07935v1 [physics.optics] 19 Mar 2019 distance d/R = 1. The inset presents the full polar plot of the far-field intensity. The gray region marks the ±30 degree range. We observe that the width of the main lobe of the far-field emission from 10 Limaçon resonators is reduced by an order of magnitude and a factor of 10 smaller compared to the main lobe of a single Limaçon resonator (indicated by the black and red markers). Furthermore, the height of the side emission is reduced (cf. the black arrows). Figure 1 b) displays the field distribution of the E z component of the electric field of one and 10 Limaçon resonators outside of the resonators. The far field of one Limaçon is well known and very similar to results in [22] . The lower row of Figure 1 b) displays the electric field of 10 resonators and reveals a strong emission in forward direction as indicated by the black arrows. This enhancement arises from the superposition of individual Limaçon resonators modes. Furthermore, we see emission into the opposite (backward) direction as well.
In the next step, we will investigate how the forward directionality can be enhanced even further. In order to quantify the directionality of an array of resonators, we introduce a far-field emission ratio f r that is defined by:
where I + = Figure 2 a) shows the far-field emission ratio f r of Limaçon resonator arrays with different number of res-onators as function of the inter-resonator distance ratio d/R. Intuitively, we would have expected that the Limaçon resonator array possesses forward directionality because each of its constituents emits light mainly into the forward direction (θ ∈ [−10 • , 10 • ]). Thus the emission ratio f r should never drop below 0. We find this expectation to hold for inter-resonator distances (d/R ≈ 1) that were used in Figure 1 b) .
Reversal of emission directionality. However, we observe that decreasing d/R and hence increasing the coupling strength, diminishes the emission ratio f r , i.e., less light is emitted into the forward direction. For arrays consisting of more than three resonators, we find the emission ratio f r to drop below 0 indicating backward emission and thus a reversal of the emission directionality. We find f r to reach a minimum of around f r,min ≈ −0.12 at a cavity spacing of d/R ≈ 0.38.
In order to investigate this behavior in more detail, we look at the spatial field amplitude distribution of the E zcomponent of the electric field as depicted in Figure 2 b ). Note that the forward (backward) direction corresponds to upwards (downwards) on the page. Below the resonator row we clearly see wave propagation downwards (close to resembling plane wave propagation) as indicated by the black arrows. Above the resonator row, we observe wave propagation in form of an interference pattern that indicates partial destructive interference. We conclude that (destructive) interference effects lead to a reduced energy flux into the forward direction. The inset displays the entire far-field emission as a polar plot, and confirms that more energy is emitted backwards than forwards.
Super-directional light emission from linear arrays. By decreasing the distances d/R between the resonators further, the emission ratio increases again and reaches a maximum f r,max ≈ 0.36 at d/R = 0.30. This maximum is even higher than the value found at distance d/R ≈ 1.0 (cf. Fig.2 ). It indicates that collective action of the resonator chain results in a super-directional forward emission of light. This is illustrated in Figure 2 c) where the spatial amplitude distribution of E z is shown. Contrary to Figure 2 b) , we now find (almost) planar wave propagation into forward direction. The interference pattern visible below the resonator row indicates destructive interference and hence reduced energy flux into the backward direction as confirmed by the inset showing the full polar plot.
We point out that the emission patterns in Figs. 1 b ) and 2 c) look similar as both correspond to values f r > 0. Notice however that the planar-wave-type propagation (destructive interference) in forward (backward) direction are even more pronounced for the strong coupling case shown in Fig. 2c ). We confirmed (not shown here) the validity of our results in the presence of slight geometric imperfections such as variation in the cavity radius R, the resonator distance d, and the off-line placement of one of the cavities, respectively.
Resonance dependence of the array behaviour. It is well known that even universal (resonance- c) independent) cavity properties vary slightly with the excited resonance mode [23] . In view of the importance of interference effects for the joint action of resonators arrays or ensembles, we will now investigate how the overall emission properties depend on the excited resonance mode. In particular we want to answer the question if the inversion of the array emission directionality is a resonance-dependent phenomenon. Figure 3 displays the emission ratio f r in a 5-Limaçon array as a function of the inter-resonator distance d/R for five different resonances numbered through 1 to 5 and shown in Fig. 3 c) . Figure 3 a) shows f r for two modes (1 and 2) that exhibit the feature of directionality inversion since the emission ratio dips beneath zero. Contrary to that, Figure 3 b) displays f r for three other modes (3,4, and 5) that lack this feature although modes 4 and 5 get very close to the directionality inversion. Furthermore, almost all modes show increased forward directional emission at a certain (but non-universal) d/R value. This feature is particularly pronounced in mode 3, see Figure 3 b).
We conclude that only a certain mode type (as the modes 1 and 2 in Figure 3 a) ) exhibits directionality inversion. As the overall emission from an array is determined by the superposition of the individual resonator fields, we take a closer look at the field amplitude distributions E z and the corresponding far fields for the individual Limaçon resonator. These modes are shown in the collocation of Figure 3 c) . The upper row corresponds to the mode types 1 and 2 which exhibit directionality inversion when arranged in a resonator chain. We clearly see very similar whispering-gallery-like field patterns and similar far fields with little backward emission. The other three modes (3 to 5) have either different far-field patterns (such as modes 3 and 4 with a larger backward emission) and/or different field distributions (such as mode 5 with an almost triangular pattern that deviates visibly from the mode structures 1 and 2). Those modes do (somewhat counter-intuitively) not show directionality inversion when arranged to a resonator array.
Conclusion.
We have conducted FDTD wave calculations of an array of dielectric Limaçon resonators in order to investigate the overall, collective emission of the res-onator ensemble. It turns out that a Limaçon resonator array shows increased directionality compared to a single resonator due to the superposition of the (separately excited) modes of the individual resonators. On the other hand, the directionality properties depend strongly on (i) the distance d/R between the resonators and (ii) the properties of the individual resonant mode.
Our FDTD calculations revealed that the directionality of the emission can be considerably enhanced using array structures, both concerning the portion of the directional emitted light and its angular spread. Moreover, the main emission direction of the ensemble can be inverted such that more energy is emitted into the opposite direction as compared to the main emission lobe of a single resonator. The directionality inversion appears to be counter-intuitive on the first glance. We argue that this effect arises from the superposition and interference of the individual resonators. Furthermore, the directionality inversion behavior depends on the number of the resonators in the array, and emerges only if their number is larger than three.
We have investigated different modes of the Limaçon resonators inside the array with the result that the overall emission of the array depends partly on the excited mode. Almost all mode types exhibit an enhancement of the forward directionality (super-directionality) as the emission ratio f r reaches a maximum that is higher than its single-resonator limit reached at a large distance d/R between the resonators. In contrast, directionality inversion is a mode-dependent feature that is favored by a whispering-gallery-type mode pattern with a pronounced forward emission characteristics.
